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1. Introduction
There has been considerable interest in the construction of a universal W -algebra
which unifies all types of extended conformal symmetries in 2-d quantum field theory.
The existence of such master symmetry could be advantageous for developing a non-
perturbative formulation of string theory and exploring its vacuum structure. Originally
it was thought that the large N limit of Zamolodchikov’s WN algebras, [1, 2], interesting
as it may be in its own right, plays a prominent role in this direction. However, since W∞
is a linear algebra, [3, 4, 5], it is very difficult to invent a mechanism which effectively
truncates the spin content of W∞ to a finite set 2, 3, · · · , N and produces the non-linear
features of WN algebras for N ≥ 3. To put it differently, since WN is not a subalgebra
of WN ′ for N < N
′ (unless N = 2), the large N limit is not defined inductively.
In this paper we show that the resolution to this problem lies beyond the large N
limit! The method we employ here is based on the standard relation between W -algebras
and parafermions. Recall that the ZN parafermion coset models SU(2)N/U(1) have a
WN symmetry and central charge, [6],
cN =
3N
N + 2
− 1 = 2 N − 1
N + 2
. (1.1)
For large values of N , cN approaches 2 from below and the underlying WN algebra
linearizes in the limit N → ∞, [5]. One way to penetrate the c = 2 barrier and go
beyond the large N limit of SU(2) parafermionic models is to consider the non-compact
coset models SL(2, R)k/U(1), [7, 8], whose central charge is
ck =
3k
k − 2 − 1 = 2
k + 1
k − 2 . (1.2)
Then, it is natural to expect that the W -algebra of the SL(2, R)k/U(1) coset models
reduces to the WN algebra of SU(2)N/U(1) for k = −N .
The idea to make the transition from the compact to the non-compact models is
motivated by well known results in the representation theory of theN = 2 superconformal
algebra. In this case, for central charge c < 3, there exists only a discrete series of unitary
representations with c = 3N/(N + 2), for all non-negative integers N , [9]. These can be
obtained from representations of the SU(2)N current algebra by subtracting and then
adding back a free boson (alternatively stated by changing the radius of the torus boson),
[10]. For representations with c > 3, the SU(2) parafermion method is not adequate
and further generalization is required. Lykken introduced a new type of parafermion
algebra for c > 3, [11], which corresponds to SL(2, R) and contains an infinite number
of parafermions, unlike the compact case. It was subsequently shown that all unitary
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N = 2 superconformal representations with 3 < c = 3k/(k − 2) can be obtained from
representations of the SL(2, R)k current algebra by the same method of appropriately
subtracting and then adding back a free boson, [7].
Our main result is the construction of the W -symmetry of the SL(2, R)k/U(1) coset
model. As we will demonstrate later, this is an extended conformal algebra which for
generic real values of k has an infinite number of generators with integer spin 2, 3, · · ·.
Although the spectrum of generators is identical to that of the W∞ algebra, in this case
there are non-linear terms which depend explicitly on k and cannot be absorbed into
field redefinitions. We will denote the W -algebra of the SL(2, R)k/U(1) coset model by
Wˆ∞(k) and note that the non-linearities disappear in the limit k → ±∞, where the
ordinary W∞ algebra is recovered. Also, for all integer values of k = −N ≤ −2, it turns
out that Wˆ∞(k) truncates to the finitely generated WN algebras. In this sense, the non-
linear deformation of W∞ we construct here is a universal W -algebra for the A-series of
extended conformal symmetries. Similarly, one may consider higher rank non-compact
coset spaces and obtain further generalizations of our results. We will comment on this
possibility at the end.
TheW -symmetry of the SL(2, R)k/U(1) model (and its parafermionic extensions that
we will also consider for rational values of k) are also important for studying properties of
the conformal field theory governing the 2-d black hole solution to string theory discovered
by Witten, [12] (see also [13]). In this case k = 9/4 (c = 26) and the Wˆ∞(k) symmetry
is non-linear. However, since the number of its generators is infinite, the 2-d black hole
background carries an infinite number of independent quantum numbers, one for each
W -generator. We will propose a recursive method for their construction.
Another problem related to the recent developments in non-perturbative 2-d quantum
gravity, [14] is the connection (if any) between Wˆ∞(k) (for k = 9/4) and the underlying
W1+∞ symmetry in c = 1 string theory, [15]. It has been demonstrated recently that
the bi-Hamiltonian structure of the full KP hierarchy can be described in W terms as
follows: W1+∞, [16] provides the first Hamiltonian structure, [17, 18], while the second
one is a non-linear deformation ofW∞ , [19, 20] (in both cases the central charge is zero).
It is reasonable to expect that Wˆ∞(k) is a quantum version of the second Hamiltonian
structure of the KP hierarchy. From the point of view of the KP approach to the theory
of multi-matrix models, [21], the relation between the 2-d black hole solution and the
c = 1 matrix model could be elucidated and lead to a deeper understanding of these
string models. We will present some thoughts in this direction later.
The material in this paper is organized as follows. In section 2 we review the basics of
parafermion algebras with emphasis on the SL(2, R) case and motivate the introduction
2
of Wˆ∞(k) . In section 3 we adopt the free field realization of SL(2, R)k current algebra and
obtain expressions for the generators of Wˆ∞(k) in terms of two bosons with background
charge. We also present the results of some explicit calculations for the commutation
relations of Wˆ∞(k) , which are sufficient to demonstrate the universal features of the
algebra. In section 4 we derive the character formulae for all unitary highest weight
representations. In section 5 we discuss the implications of our results to the theory of
2-d gravity and finally in section 6 we present our conclusions.
2. SL(2,R)/U(1) Parafermion Algebra
Parafermion algebras are generated by a collection of currents ψl(z) and their conju-
gates ψ†l (z) ≡ ψ−l(z) with ψ0(z) = ψ†0(z) = 1. A priori there are no restrictions on the
range of l = 0, 1, 2, · · · and generically, the conformal dimension ∆l of the parafermion
currents is fractional. The algebra assumes the form, [11],
ψl1(z)ψl2(w) = Cl1,l2(z − w)∆l1+l2−∆l1−∆l2 [ψl1+l2(w) +O(z − w)] , (2.1a)
ψl(z)ψ
†
l (w) = (z − w)−2∆l
[
1 +
2∆l
cψ
(z − w)2Tψ(w) +O((z − w)3)
]
, (2.1b)
where Tψ is the stress tensor of the parafermion theory with central charge cψ. The
structure constants Cl1,l2 are determined by associativity and the conformal dimensions
∆l are constrained to satisfy the recursion relation
∆l+1 +∆l−1 − 2∆l −∆2 + 2∆1 = nl , nl ∈ Z+0 . (2.2)
Parafermions arise naturally in the context of the N = 2 superconformal algebra, [10, 11].
Its generators, J(z), T (z) and G±(z) can be constructed in terms of one scalar field ϕ(z)
and two (non-local) parafermion currents as follows:
J(z) = i
√
c
3
∂zϕ(z) , T (z) = −1
2
(∂zϕ(z))
2 + Tψ(z) , (2.3a)
G±(z) =
√
2c
3
e±i
√
3
c
ϕ(z)ψ±1(z). (2.3b)
This realization determines cψ and ∆1 in terms of the central charge of the N = 2
superconformal algebra,
cψ = c− 1 , ∆1 = 3(c− 1)
2c
(2.4)
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and the operator product expansion (OPE) of the l = 1 parafermions generates ψ±2 with
conformal dimension
∆2 =
2(2c− 3)
c
. (2.5)
It is clear that the spectrum of the parafermion algebra depends crucially on c. In
particular, for c < 3, using the parametrization c = 3N/(N + 2), the recursion rela-
tions (2.2) (due to zeros in the OPE coefficients Cl1,l2) generate only a finite number of
independent parafermion currents with dimensions
∆l =
l(N − l)
N
, 0 ≤ l ≤ N − 1 . (2.6)
These correspond to the ordinary ZN parafermions of Fateev and Zamolodchikov, [6]
described by the coset model SU(2)N/U(1) , with central charge cψ given by eq. (1.1).
On the other hand, for c ≥ 3, using the parametrization c = 3k/(k− 2), Lykken pointed
out, [11] that the parafermion algebra does not truncate. In this case the parafermion
currents form an infinite family of fields with dimensions
∆l =
l(k + l)
k
, l ∈ Z+0 . (2.7)
For completeness we include the formulae for the structure constants Cl1,l2 in both cases.
For the ZN parafermions,
Cl1,l2 =
[
Γ(N − l1 + 1)Γ(N − l2 + 1)Γ(l1 + l2 + 1)
Γ(l1 + 1)Γ(l2 + 1)Γ(N + 1)Γ(N − l1 − l2 + 1)
] 1
2
, (2.8)
while for the Lykken family,
Cl1,l2 =
[
Γ(k + l1 + l2)Γ(k)Γ(l1 + l2 + 1)
Γ(l1 + 1)Γ(l2 + 1)Γ(k + l1)Γ(k + l2)
] 1
2
. (2.9)
We also have C−l1,l2 = Cl1,l2−l1 for l2 ≥ l1. Notice that eqs. (2.6), (2.8) are analytic
continuations of eqs. (2.7), (2.9) respectively for k → −N .
The parafermion algebra (2.1) can be converted into a current algebra using an ad-
ditional free scalar field χ(z), [6], in analogy with the N = 2 superconformal algebra. To
do this, we define the currents
J3(z) = −
√
k
2
∂zχ(z) , J
±(z) =
√
k e±
√
2
k
χ(z)ψ±1(z) , (2.10)
which transform the parafermion algebra into the current algebra
J+(z)J−(w) =
k
(z − w)2 − 2
J3(w)
z − w +O(1) , (2.11a)
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J3(z)J±(w) = ±J
±(w)
z − w +O(1) , (2.11b)
J3(z)J3(w) = − k/2
(z − w)2 +O(1) . (2.11c)
Here we consider the case of Lykken parafermions with cψ ≥ 2 (i.e., k is any real number
≥ 2). The symmetry of the non-compact parafermions is Z∞. The OPEs (2.11) de-
fine an SL(2, R)k current algebra and the corresponding coset model is SL(2, R)k/U(1)
with central charge cψ given by eq. (1.2). If we had taken k = −N , we would have
obtained the SU(2)N current algebra description of the ZN parafermions, [6]. The free
field representation of ZN parafermions was derived in [22]. The corresponding one for
the non-compact case was given in [23].
It is well known that parafermion coset models have aW -symmetry whose generators
appear on the right hand side of the OPE (2.1b). In particular, it is sufficient to consider
ψ1(z)ψ−1(w) and go beyond the most singular terms in order to extract theW -generators.
In eq. (2.1b) we have only displayed explicitly the stress tensor Tψ which is the lowest spin
field of the underlying W -algebra. For SU(2)N parafermion models the corresponding
W -algebra is WN , [1, 2], generated by chiral fields with integer spin 2, 3, · · · , N . For
finite N ≥ 3, the parafermion currents acquire fractional dimensions ∼ 1/N and the WN
algebra is non-linear. However, as N → ∞, the parafermions become mutually local
fields with integer dimension ∆l = 1, 2, · · · and W∞ linearizes, [5]. Then, by formally
interchanging N to −k in the large N limit, we access the non-compact coset region
which lies beyond the c = 2 barrier. For c ≥ 2, the SL(2, R)k/U(1) model has the same
number of parafermion currents as SU(2)∞/U(1) and makes sense for any real k > 2.
In order to understand qualitatively the main features of the SL(2, R)k/U(1) W -
algebra, notice that although the number of parafermions is independent of k, their
conformal dimension ∆l = l +
l2
k
acquires a non-integer contribution ∼ 1/k for finite k.
Therefore, it is natural to expect that the underlying W -algebra has the same spectrum
of generators as W∞ , but it develops non-linearities depending on k. In the next section
we construct the W -algebra of the SL(2, R)k/U(1) coset model, Wˆ∞(k) and demonstrate
its universal features. In section 4 we show that the character of the Wˆ∞(k) vacuum
module (as well as the rest of the characters) for k > 2 are independent of k. This
rigorously proves that the spectrum of the algebra is the same as that of the usual W∞ .
Thus, for any k > 2, the generators are chiral fields with integer spin 2, 3, · · · , each with
multiplicity one.
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3. The Chiral Algebra Wˆ∞(k)
We adopt the free field realization of the SL(2, R)k current algebra, which represents
the two parafermion currents ψ±1(z) in eq. ( 2.10) as, [22, 23],
ψ±1(z) =
1√
2k
[
∓
√
k − 2 ∂zφ1(z) + i
√
k ∂zφ2(z)
]
e±i
√
2
k
φ2(z) , (3.1)
using two free bosons with
〈φi(z)φj(w)〉 = −δij log(z − w) . (3.2)
It follows immediately from the OPE (2.1b) that the stress tensor of the theory is
W2(z) ≡ Tψ(z) = −1
2
(∂zφ1)
2 − 1
2
(∂zφ2)
2 +
1√
2(k − 2)
∂2zφ1 . (3.3)
All other generators of Wˆ∞(k) appear in the less singular terms of ψ1(z)ψ−1(w) and it is
just a matter of computation to extract their form in terms of φ1, φ2. We will present the
results of the calculation up to spin 5, since for the higher spin generators the expressions
become considerably more involved and we have no closed formulae for them in general.
It should be stressed, however, that the OPEs of theW -algebra can be computed without
the use of the free-field formulation, directly from the parafermion correlation functions.
In several occasions we did the computations with both methods as an independent check.
We define the primary higher spin generators Ws(z) of the algebra, using the boot-
strap method, by the OPE∗
ψ1(z + ǫ)ψ−1(z) = ǫ
−2k+1
k
[
1 +
k − 2
k
(
ǫ2 +
1
2
ǫ3∂z +
3
20
ǫ4∂2z +
1
30
ǫ5∂3z
)
W2(z)−
− 1
4
(
ǫ3 +
1
2
ǫ4∂z +
1
7
ǫ5∂2z
)
W3(z) +
(6k + 5)(k − 2)2
2k2(16k − 17)
(
ǫ4 +
1
2
ǫ5∂z
)
:W 22 : (z)+
+
1
32
(
ǫ4 +
1
2
ǫ5∂z
)
W4(z)− 1
3 · 27 ǫ
5W5(z)− (10k + 7)(k − 2)
4k(64k − 107) ǫ
5 :W2W3 : (z) +O(ǫ6)
]
.
(3.4)
For the primary spin 3 field we obtain the expression
W3(z) = α(∂φ2)
3 + β∂3φ2 + γ(∂φ1)
2∂φ2 + δ∂
2φ1∂φ2 + ε∂φ1∂
2φ2 , (3.5)
∗Normal ordered products of operators are defined, as usual, by subtracting the singular terms plus
the finite terms that are total derivatives of lower dimension operators appearing in the corresponding
OPE. In general, they are not symmetric.
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where
α =
2i
3
(3k − 4)
k
√
2
k
, β =
i
3
√
2
k
, γ = 2i
(k − 2)
k
√
2
k
,
δ = 2i
(k − 2)
k
√
k − 2
k
, ε = −2i
√
k − 2
k
. (3.6)
Then, the OPE of W3 with itself yields
W3(z + ǫ)W3(z) =
16
3
(k + 1)(k + 2)(3k − 4)
k3ǫ6
+
16(k + 2)(k − 2)(3k − 4)
k3
(
1
ǫ4
+
+
1
2
∂z
ǫ3
+
3
20
∂2z
ǫ2
+
1
30
∂3z
ǫ
)
W2(z) +
2(2k − 3)
k
(
1
ǫ2
+
1
2
∂z
ǫ
)
W4(z)+
+
27(k + 2)(3k − 4)(k − 2)2
k3(16k − 17)
(
1
ǫ2
+
1
2
∂z
ǫ
)
: W 22 : (z) +O(1) , (3.7)
where W4(z) is the primary spin 4 field which was defined implicitly in eq. (3.4). Its
explicit form is given in appendix A.
Before we proceed further a remark is in order. The requirement that a spin 3 field of
the form (3.5) is primary with respect to the stress tensor (3.3), imposes three conditions
on its numerical coefficients. Since the overall normalization is a matter of convention, one
is left with one undetermined parameter. Then, if we consider the OPE W3(z + ǫ)W3(z)
and demand that the ǫ−4 term is proportional to W2(z), we obtain a quadratic equation
for the ratio x ≡ γ/ε. The two solutions are
x+ = −
√
2(k − 2)
k
, x− = −2
3
√
2(k − 2) . (3.8)
In our case the expression (3.6) corresponds to the first branch, which also gives rise to a
non-zero primary field W4. For the second branch, the only quasiprimary operator that
appears to order ǫ−2 is : W 22 : and there is no primary spin 4 field present. In this case
we are dealing with Zamolodchikov’s W3 algebra in its free field realization in terms of
two bosons, [1].
We return now to the Wˆ∞(k) algebra and perform the next OPE. We find
W3(z + ǫ)W4(z) =
3 · 27(k + 3)(2k − 1)(2k − 3)
k2(16k − 17)
(
1
ǫ4
+
1
3
∂z
ǫ3
+
1
14
∂2z
ǫ2
+
+
1
84
∂3z
ǫ
)
W3(z) +
5(3k − 4)
3k
(
1
ǫ2
+
2
5
∂z
ǫ
)
W5(z)+
+
39 · 28(k − 2)(k + 3)(2k − 1)(2k − 3)
k2(16k − 17)(64k − 107)
(
1
ǫ2
+
2
5
∂z
ǫ
)
:W2W3 : (z)−
− 3 · 2
6(k + 3)(2k − 3)(k − 2)
k2(16k − 17)
: (∂W2)W3 : (z)
ǫ
+O(1) , (3.9)
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where W5(z) is the spin 5 primary field computed directly from the expansion (3.4). Its
explicit form is also given in appendix A. The expressions for : W 22 :, : W2W3 : and
: (∂W2)W3 : are given in appendix B.
We may iterate the procedure above to obtain expressions for all higher spin fields of
the algebra and compute their commutation relations. The strategy is obvious, but the
derivation of the formulae for all the higher spin fields in closed form is a very difficult
task. As far as the commutation relations of Wˆ∞(k) are concerned, one may compute its
central terms (i.e., 〈Ws(z)Ws′(w)〉) directly from eq. (3.4) by considering the parafermion
four-point function
〈ψ1(z1)ψ†1(z2)ψ1(z3)ψ†1(z4)〉 =
[
z13z24
z12z14z34z23
] 2
k
[
1
z212z
2
34
(
1− 2
k
z34z12
z24z23
)
+(z2 ↔ z4)
]
. (3.10)
The coefficients of all other terms that appear in the singular part of the OPE Ws(z +
ǫ)Ws′(z) can also be computed directly, using eq. (3.4) and the parafermion six-point
function 〈ψ1ψ†1ψ1ψ†1ψ1ψ†1〉.
A general property of Wˆ∞(k) is already obvious from (3.7), (3.9). The algebra is
invariant under the transformation Ws → (−1)sWs, where composite fields transform
multiplicatively. This is a reflection of the ψl → ψ−l invariance of the parafermion
algebra and corresponds to the Weyl reflection in SL(2, R). We note that the closure of
the Wˆ∞(k) algebra is guaranteed by the closure of the charge zero sector of the enveloping
algebra of the SL(2, R)k current algebra (c.f. the realization (2.10) in terms of ψ1, ψ
†
1 and
the additional scalar field χ). It would be very interesting, though, to have the complete
structure of Wˆ∞(k) in closed form.
For all real values of k > 2, the Wˆ∞(k) algebra is non-linear and has an infinite number
of higher spin generators (one per spin). One might wonder that the algebra, although
non-linear at first sight, might linearize by appropriate change of basis. This was the
case with the standard W∞ . For example, one might consider the field redefinition
W˜4(z) =W4(z) +
64(k + 2)(3k − 4)(k − 2)2
k2(2k − 3)(16k − 17) : W
2
2 : (z) , (3.11)
which linearizes the singular part of the OPE (3.7) and still maintains the linearity of
the W2W˜4 OPE. In order to verify that such field redefinition does not remove all the
non-linearities from Wˆ∞(k) , it is sufficient to look at the OPE W4W4 and in particular
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to order ǫ−4, where both W4 and : W
2
2 : terms appear. We find that
W4(z + ǫ)W4(z) =
210(k + 1)(k + 2)(k + 3)(2k − 1)(3k − 4)
k4(16k − 17)ǫ8 ·
.
[
1 +
4(k − 2)
(k + 1)
(
ǫ2 +
1
2
ǫ3∂z +
3
20
ǫ4∂2z
)
W2(z) +
42(k − 2)2
(k + 1)(16k − 17)ǫ
4 :W 22 : (z)+
+
9k2(4k3 + 15k2 − 33k + 4)
16(k + 1)(k + 2)(k + 3)(2k − 1)(3k − 4)ǫ
4W4(z) +O(ǫ5)
]
.
(3.12)
Then, if we compute W˜4W˜4, we find to order ǫ
−4 that the coefficients of W4 and : W
2
2 :
do not combine to give only W˜4. It turns out that the remaining term is
160(k − 1)(k − 2)2(k + 2)(3k − 4)
3k2(2k − 3)(18k3 + k2 − 117k + 116) : W
2
2 : (z) , (3.13)
which establishes the non-linear nature of Wˆ∞(k) .
Next, we discuss properties of Wˆ∞(k) for some special values of k.
(i) Recovering W∞ : In the limit k → ∞, the W -symmetry of the SL(2, R)k/U(1)
coset model is the standardW∞ , since as we argued earlier the compact and non-compact
parafermion algebras have a common limit. In both cases the algebra contracts to a U(1)3
current algebra† by a suitable rescaling of its generators. Passing to the coset model, one
effectively removes one of the U(1) currents and the resulting parafermion algebra is the
enveloping algebra of the U(1)2 current algebra, [5]. The first parafermion currents can
be identified with the two U(1) currents, which when written in terms of a free complex
boson are
ψ1(z) = i∂φ(z) , ψ
†
1(z) = i∂φ¯(z) . (3.14)
All higher parafermions are composite operators,
ψk(z) =: ψ
k
1 : (z) , ψ
†
k(z) =: (ψ
†
1)
k : (z) . (3.15)
In the large k limit, the free field realization of Wˆ∞(k) in terms of two bosons with
background charge should reproduce the results we have obtained for W∞ with c = 2,
[5]. This can be readily verified using the identification
φ1(z) =
1√
2
(∂φ(z) + ∂φ¯(z)) , φ2(z) =
i√
2
(∂φ(z)− ∂φ¯(z)) , (3.16)
which yields
W˜2(z) ≡ W2(z) = −∂φ∂φ¯(z) (3.17)
†In the SL(2, R) case two of the abelian currents are non-compact.
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at k =∞. Similarly, W3(z) becomes
W˜3(z) ≡W3(z) = −2(∂φ∂2φ¯− ∂2φ∂φ¯)(z) . (3.18)
For the higher spin fields we proceed along similar lines. We note, however, that W∞ is
usually written in a quasiprimary basis, while all our Wˆ∞(k) generators are by construc-
tion primary. In order to make the comparison for s = 4, we should consider W˜4 instead
of W4. Using eqs. (3.10), (A.1), (A.2) and (B.1) we obtain at k =∞
W˜4(z) = −16
5
(∂φ∂3φ¯− 3∂2φ∂2φ¯+ ∂3φ∂φ¯)(z) . (3.19)
These are exactly the formulae we have given elsewhere, [5] for the W∞ algebra and they
generalize for higher spin too. The general expression for the appropriate W˜s can be
obtained from the following expansion
ψ1(z+ǫ)ψ−1(z) = ǫ
−2
[
1+
∞∑
s=2
(−1)sǫs
(s− 2)!22s−4
∞∑
n=0
(2s− 1)!(s+ n− 1)!
n!(s− 1)!(2s+ n− 1)!ǫ
n∂nz W˜s(z)+O(
1
k
)
]
.
(3.20)
The linearization of the Wˆ∞(k) algebra at k = ∞ can also be seen explicitly in the
example we gave earlier, since the difference (3.13) vanishes in this limit.
(ii) Wˆ∞(k) at k = 2: So far we have been mostly interested in Wˆ∞(k) for real k > 2.
There is no a priori reason not to extend the range of k to all real numbers. The
value k = 2 is special because the central charge of the Virasoro subalgebra becomes
infinite. Nevertheless, it is interesting to see what happens to the W -symmetry there.
In the examples we have already given, all non-linear terms disappear and there no need
to make any field redefinitions. Moreover, the stress tensor and its composites do not
appear in the commutation relations of higher spin generators which are well defined
with no infinities involved. This can be easily understood by looking at the free field
realization of W3(z), W4(z), W5(z), etc. For k = 2, all terms involving the field φ1(z)
vanish and therefore the remaining field φ2(z) is insensitive to the infinite background
charge. In this case, because of the decoupling that occurs, we may disregard W2(z) and
consider the subalgebra of Wˆ∞(2) generated by all other higher spin fields. The latter is
not conformal, but it is consistent with the Jacobi identities, which makes it worthwhile
for further investigation.
We expect that the linearization of the algebra at k = 2 persists for all s ≥ 3. The
reason is that for k = 2, the dimension of the parafermion currents (2.7) assumes only
integer or half-integer values. Experience suggests that when the parafermions are mutu-
ally local, the correspondingW -algebra is linear. We can also provide a general argument
for the decoupling of any composite operator that contains the stress tensor. The norm
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of such operators is a polynomial in the central charge of the Virasoro subalgebra with
degree greater than zero. These operators appear in the OPE of W -generators with co-
efficients inversely proportional to their norm. Thus, they will vanish when the central
charge becomes infinite. We note that the existence of linear higher spin algebras with no
Virasoro generators has been suggested in a different context before, [17], using a twisted
version of W1+∞
‡. Whether Wˆ∞(2) minus the Virasoro subalgebra has any relation with
them remains to be seen.
(iii) Truncation to WN : Consider now Wˆ∞(k) with k < 2. Since the construction
of our algebra is based on parafermions, we know in advance that for k = −N =
−2,−3,−4, · · · the infinite structure should truncate and the ordinary theory of ZN
parafermions and WN algebras should be recovered. This is illustrated very nicely in our
examples. Consider first k = −2 and notice that apart from the stress tensor all other
W -generators are null, i.e., 〈W3(z)W3(w)〉 = 〈W4(z)W4(w)〉 = · · · = 0. Therefore, it is
legitimate to factor them out and reduce Wˆ∞(−2) to the Virasoro algebra as required.
Similarly, for k = −3, all W -generators are null apart from W2(z) and W3(z) and upon
reduction, Zamolodchikov’s W3 algebra emerges. The norm of Ws is proportional to∏s−1
i=1 (k + i) . This has been explicitly checked up to s = 5 (see appendix C). All WN
algebras can be obtained in this fashion, which makes Wˆ∞(k) a universal W -algebra.
To avoid confusion we emphasize that the reduction of Wˆ∞(−N) to WN is not ob-
tained because all other structure constants of the algebra, apart from those of WN ,
vanish. It can be readily seen that this is not the case. The precise statement is that all
generators with s > N are null and they generate an ideal of the algebra, in the sense
that the OPE of any operator with a null operator will produce only null operators.
Thus, WN is of cohomological nature, defined as the original algebra modulo the null
ideal. This point of view is also adopted by Narganes-Quijano, [22], while discussing the
free-field realization of WN algebras in terms of two bosons.
In the region −1 < k < 2, where the central charge is negative, we also observe
a reduction of the Wˆ∞(k) algebra for some fractional values of k, like 1/2, 4/3, · · · etc.
The identification of the resulting W -symmetry is beyond the scope of the present work.
Likewise, the relevance of Wˆ∞(k) to non-unitary SU(2) coset models with fractional level
will not be considered here. We only note that for fractional k < −1, there is no evidence
that Wˆ∞(k) truncates to a finitely generated algebra and this might have implications to
non-unitary conformal field theories of fractional type (see for instance [25] and references
therein).
‡The quantum version of these algebras is described in [24].
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(iv) Extension of Wˆ∞(k) for Rational k: When k is rational and positive
§, the chi-
ral algebra of the theory is larger. To see this, recall that the dimension of the parafermion
operator ψl(z) is ∆l = l + l
2/k. Let us parametrize k as k = r/t, where r ∈ Z+, t ∈ Z+0
and they are relatively prime. It is obvious that the parafermion operators (and their
adjoints) with l = nr, n ∈ Z, have integer dimension ∆nr = nr(1 + nt). Thus, we
may consider a larger algebra, Ψr,t∞ , which is an extension of Wˆ∞(k) by the parafermion
operators ψnr. The complete description of a basis in this algebra is given by W
n
s (z) ,
where n ∈ Z labels the Z∞ charge sector (the Z∞ charge is nr) and s = 0, 2, 3, · · ·. The
dimension of W ns (z) is nr(1 + nt) + s. W
0
s (z) are the Wˆ∞(k) generators with W
0
0 (z) = 1
and W n0 (z) = ψnr(z). The remaining generators are obtained from the parafermionic
OPE and the fusion rules implied by the Z∞ symmetry are
[W n1s ]⊗ [W n2s′ ] =
∑
s′′
[W n1+n2s′′ ] . (3.21)
When r is even, we can define a local algebra even larger than Ψr,t∞ , by including
parafermions with half-integer spin as well. For r = 2r′, the parafermions ψnr′ have
dimension nr′(2+nt)/2 and they form an algebra Ψ˜2r
′,t
∞ , where some of its generators are
fermionic. Since we have assumed that r and t are relatively prime, t is always odd and
r′ can be even or odd. If r′ is odd, then, ψnr′ with n odd will be fermionic. If r
′ is even,
then, the algebra Ψ˜2r
′,t
∞ will contain bosonic generators of integer spin only. We also note
that if r is proportional to the square of an integer, then Ψr,t∞ can be extended further.
We will encounter this generalization later for k = 9/4.
4. SL(2,R)/U(1) Characters
In this section we are going to derive the characters for all unitary Wˆ∞(k) represen-
tations obtained from the SL(2, R)k/U(1) model. Their derivation relies on the intimate
relation between the SL(2, R) current algebra and the N = 2 superconformal algebra
with c > 3, [7]. In section 2 we gave a brief description of this relation at the level of the
algebra. As shown in [7], for any state in the base of an SL(2, R) current algebra rep-
resentation, there exists one highest weight (hw) N = 2 superconformal representation.
Let Φjm(z) denote an operator
¶ of the SL(2, R) WZW model with
J3(z)Φjm(w) = m
Φjm(w)
z − w +O(1) , J
±(z)Φjm(w) = C±(j,m)
Φjm±1(w)
z − w +O(1) , (4.1)
§For k < 0 most of the parafermion operators have negative spin.
¶Only the chiral part is important in this discussion.
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where C2± = m(m± 1)− j(j − 1). Using eq. (2.10) we can factorize this operator as
Φjm = e
m
√
2
k
χ(z)Φ˜jm , (4.2)
where Φ˜jm is an operator in the SL(2, R)k/U(1) theory. If we now define
Zjm = e
− 2im
k−2
√
(k−2)
k
ϕ(z)
Φ˜jm(z) , (4.3)
then, Zjm is an N = 2 primary operator with dimension ∆ and U(1) charge Q given by
∆j,m =
−j(j − 1) +m2
(k − 2) , Qj,m = −
2m
k − 2 . (4.4)
The character of an N = 2 hw representation R is defined as χR = TrR[q
L0wJ0]. We
are going to use the results of [26] where the characters of all unitary hw representations
of the N = 2 superconformal algebra were derived from an analysis of the embedding
structure of the null Verma modules∗.
The unitarity restrictions on these representations (viewed either as SL(2, R)k/U(1)
or N = 2 representations) are as follows: All the continuous series representations are
unitary. The trivial representation is also unitary. From the D±n representations only
those satisfying 0 ≤ j ≤ k/2 are unitary†. Thus, there are four different cases to consider
corresponding to analogous SL(2, R) representations.
(i) Trivial Representation, j = 0, m = 0: This corresponds to the vacuum repre-
sentation of the N = 2 algebra, ∆ = 0, Q = 0. For c > 3 there are two independent
generating null vectors at relative charge ±1 and level (mode number) 1/2. The character
in this case is‡
χ0(q, w) = FNS(q, w)
1− q
(1 + q1/2w)(1 + q1/2w−1)
, (4.5)
where FNS is the unrestricted partition function
FNS(q, w) = f(q)
−2
∞∏
n=1
(1 + qn−
1
2w)(1 + qn−
1
2w−1) = f(q)−3
∑
n∈Z
qn
2/2wn (4.6)
and
f(q) =
∞∏
n=1
(1− qn) . (4.7)
∗The characters were also derived independently in [27] and for minimal representations in [28].
†An analysis of non-unitary SL(2, R)k/U(1) representations will be presented elsewhere.
‡It is enough for our purposes to consider only the NS sector.
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(ii) Positive Discrete Series (D+n ): For the positive series we have j = n+ ε, where
0 ≤ ε < 1§ andm = j+r, r ∈ Z+0 . These are lowest weight (lw) SL(2, R) representations.
Here we have to distinguish two cases.
(iia) j 6= k/2: There is one generating null vector in the corresponding N = 2
representations at relative charge −1 and level r + 1
2
, [26]. The character is
χ+j,m(q, w) = q
∆j,mwQj,m
FNS(q, w)
1 + qr+
1
2w−1
. (4.8)
(iib) j = k/2: In this case, apart from the charged null vector discussed above, there
is also an independent one at relative charge zero and level 1. Consequently, the character
is
χ+k
2
,m
(q, w) = q∆k/2,mwQk/2,m
(1− q)FNS(q, w)
(1 + qr+
1
2w−1)(1 + qr+
3
2w−1)
. (4.9)
(iii) Negative Discrete Series (D−n ): For the negative series we have j = n−ε, where
0 ≤ ε < 1 and m = −j − r, r ∈ Z+0 . These are hw SL(2, R) representations and likewise
we distinguish two cases.
(iiia) j 6= k/2: There is one generating null vector at level r + 1
2
and relative charge
1. The character is
χ−j,m(q, w) = q
∆j,mwQj,m
FNS(q, w)
1 + qr+
1
2w
. (4.10)
(iiib) j = k/2: In this case there is also an extra null vector at relative charge zero
and level 1. The character is
χ−k
2
,m
(q, w) = q∆k/2,mwQk/2,m
(1− q)FNS(q, w)
(1 + qr+
1
2w)(1 + qr+
3
2w)
. (4.11)
(iv) Continuous Representations: These correspond to the principal and comple-
mentary series of SL(2, R) representations. In this case j(j−1) < ε(ε−1) and the repre-
sentations are neither hw nor lw. In the principal series, j = 1
2
+ iρ, ρ ∈ R, m = m0+ n,
n ∈ Z, |m0| ≤ 1/2. In the supplementary series j is real with 0 < |j − 12 | < ε + 12 ,
m = m0 + n, n ∈ Z, |m0 ± 12 | < |j − 12 |. These give rise to N = 2 representations with
irreducible Verma modules. Consequently, the character is
χcj,m(q, w) = q
∆j,mwQj,mFNS(q, w) . (4.12)
To go from N = 2 characters to SL(2, R)k/U(1) characters is rather straightforward.
At the representation level, one has to decompose the N = 2 representations into U(1)
§ε = 0 corresponds to SO(2, 1) representations, while ε = 0 or 1
2
to SL(2, R) ∼ SU(1, 1) representa-
tions. A general ε corresponds to the universal covering group.
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representations and keep only the hw state of each U(1) representation. This is done by
expanding the N = 2 character in a power series in w. The contribution of any given
U(1) hw representation of charge Q appears as a factor multiplying wQ. To factor out the
U(1) representation, but its hw state, we must divide by the U(1) multiplicity function
f(q). One also needs to correct the dimension of a given U(1) hw state of charge Q by
subtracting a factor k−2
2k
Q2. This way we can obtain the characters of the parafermionic
SL(2, R)k/U(1) model, ψj,m(q), which define the non-compact analogue of the string
functions cˆ jm(q) via
ψj,m(q) = f(q) cˆ
j
m(q) , (4.13)
where f(q) was defined by eq. (4.7). Another point to be stressed is the following. In
the N = 2 case, starting from a hw state with a certain U(1) charge and acting with
the supercharges, one moves to states that correspond to SL(2, R) states with different
J30 eigenvalue compared to the initial one. Thus, for fixed j, starting with a certain m
and decomposing the N = 2 character, we can obtain the characters of the whole coset
module generated by the representation labeled by j.
We summarize the results for the non-compact string functions.¶
(i) Trivial Representation:
cˆ j=0m (q) =
q|m|+
m2
k
f(q)3
[
1 +
∞∑
n=1
(−1)nq n
2+(2|m|+1)n−2|m|
2 (1 + q|m|)
]
, m ∈ Z . (4.14)
(iia) D±n , j 6= k/2:
cˆ jm(D; q) =
q−
j(j−1)
k−2
+
(j+m)2
k
f(q)3
∞∑
n=0
(−1)nq n(n+2m+1)2 , m ∈ Z . (4.15)
(iib) D±n , j = k/2:
cˆ k/2m (D; q) = cˆ
j=0
m (q) . (4.16)
(iii) Continuous Representations:
cˆ jm(c; q) =
z−
j(j−1)
k−2
+m
2
k
f(q)3
, m = m0 + n , n ∈ Z . (4.17)
We should remark that the identity (4.16) also holds in the compact SU(2) case.
¶The characters in cases (iia) and (iii) have been calculated previously in [29].
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Using the above we can write the following decomposition formulae for the N = 2
characters, which are generalizations of the compact case, [30]. For the D± representa-
tions we obtain
χjm=±(j+r)(q, w) =
∑
n∈Z
q
k−2
2k (n−r−
2(j+r)
k−2 )
2
wn−r−
2(j+r)
k−2 cˆ jn(D; q) , r ∈ Z±0 (4.18)
respectively. For j = 0 we obtain the result for the trivial representation, while for the
continuous series,
χjm(q, w) =
∑
n∈Z
q
k−2
2k (n−
mk
k−2)
2
wn−
2m
k−2 cˆ jm−n(c; q) . (4.19)
The relations above differ from the compact case (N = 2 minimal models) , where the
string functions are periodic with period 2k, due to the Zk symmetry . This turns the
infinite sum into a mod 2k sum and produces the SU(2) ϑ-functions, [30, 31],
χcompactj,m =
k∑
m′=−k+1
cjm′(q)ϑm′(k+2)−mk,k(k+2)
(
τ
2
,
z
k + 2
)
, (4.20)
where
ϑm,k(τ, z) =
∑
n∈Z+m/2k
qkn
2
wkn , q = e2piiτ , w = e2piiz (4.21)
is the standard ϑ-function.
We can now compute the characters of all SL(2, R)k representations which give rise
to unitary SL(2, R)k/U(1) representations. We summarize the formulae for the affine
characters, defined as Tr[qL0wJ
3
0 ].
(i) Trivial Representation:
χSL20 (q, w) =
1
π(q, w)
, (4.22)
where
π(q, w) =
∞∏
n=1
(1− qn)(1− qnw)(1− qnw−1) . (4.23)
(ii) D+ Representations, j 6= k/2:
χ
SL+2
j (q, w) =
q−
j(j−1)
k−2 wj
(1− w)π(q, w) . (4.24)
For the D+ representation with j = k/2, the Verma module is reducible because there
is a null vector at level one. This is the only hw representation embedded in it, since it
transforms as a j′ = k
2
− 1 representation. Consequently, the character is
χ
SL+2
k/2 (q, w) =
q−
j(j−1)
k−2 wj(1− qw−1)
(1− w)π(q, w) . (4.25)
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(iii) D− Representations:
χ
SL−2
j (q, w) =
q−
j(j−1)
k−2 w−j
(1− w−1)π(q, w) , (4.26)
χ
SL−2
k/2 (q, w) =
q−
j(j−1)
k−2 w−j(1− qw)
(1− w−1)π(q, w) . (4.27)
For the continuous series the characters converge nowhere in the complex w-plane.
The SL(2, R)k characters above are related to the non-compact string functions via
a generalization of the Kacˇ-Peterson formula, [32],
χ
SL±2
j (q, w) =
∑
m∈Z
q−
(j+m)2
k w±j+m cˆjm(D; q) . (4.28)
The string functions cˆjm are the characters of Wˆ∞(k) representations with Z∞ charge
m∗. In particular, the string functions associated with the trivial (j = 0) representation
are the Wˆ∞(k) characters of the parafermions ψm(z), with m > 0 and their adjoints, with
m < 0. cˆ00 is the character of the vacuum module of the Wˆ∞(k) algebra. It is obvious
that the state multiplicities in all Wˆ∞(k) characters are independent of k. Consequently,
the counting of independent states, null states and generators is the same for all k > 2
and in particular, it coincides with that of k = ∞. The number and structure of null
states of Wˆ∞(k) representations can be obtained from the explicit realization of W∞ in
[5]. From eq. (4.28), we can obtain for j = 0 the non-trivial identity
∑
m∈Z
cˆ0m(q) = f(q)
−3 +O(1/k) , (4.29)
which describes the decomposition of the vacuum representation of the U(1) × U(1)
current algebra into W∞ representations, [33].
5. Applications to 2-d Quantum Gravity
The presence of the Wˆ∞(k) symmetry in the SL(2, R)k/U(1) coset model suggests
the existence of an infinite number of conservation laws for all k ≥ 2 and in particular
∗Sometimes string functions are referred to as parafermionic characters. This is not correct. A
parafermionic representation whose module is generated by the action of the parafermionic currents
decomposes into a finite sum of W -representations in the SU(2) case and into an infinite sum of Wˆ∞(k)
representations in the SL(2, R) case. Parafermionic representations are in one to one correspondence
with SL(2, R) representations.
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for k = 9/4, which corresponds to Witten’s black hole solution. Let us introduce the
following charges
Qs =
∮
dzWs(z) , s ≥ 2 , (5.1)
which by definition are identified with the −s + 1 Fourier mode of the Ws(z) fields, i.e.,
Qs = W
(−s+1)
s . (5.2)
Clearly, in order to insure that all Qs are in involution,
[Qs, Qs′] = 0 , ∀ s, s′ ≥ 2 , (5.3)
the W -generators of the algebra must satisfy the condition∮
dz
∮
dwWs(z)Ws′(w) = 0 . (5.4)
At this point one might think that the non-linear terms of the Wˆ∞(k) algebra violate
the condition (5.4). This condition is certainly valid in the limit k →∞, after introducing
the standard quasiprimary field basis of W∞ , [4, 5]. Eq. (5.4) will be true in general, iff
the coefficient of (z−w)−1 in the OPE Ws(z)Ws′(w) is a total derivative. It follows from
the results we have already presented that the OPE for s = 3, s′ = 4 does not enjoy the
desired property. Hence, the question arises whether there are appropriate redefinitions
of the W -generators which can give rise to infinitely many charges in involution. Our
attitude is that this is indeed the case, although we cannot provide a complete proof
because the commutation relations of Wˆ∞(k) are not yet known in closed form. Later
we will reformulate this conjecture in a language which is analogous to the conservation
laws of the KP hierarchy and suggest an alternative way for interpreting the charges Qs
in involution. We also note that the field redefinitions we are searching for s ≥ 4 should
yield the quasiprimary field basis of W∞ in the limit k → ∞, for which eqs. (5.3) are
automatic.
Let us now sketch the basic steps for constructing a new spin-4 generator which is
compatible with eq. (5.4). Apart from the OPE (3.9) we also have
W3(z + ǫ) : W
2
2 : (z) =
48
5
(
1
ǫ4
+
1
3
∂
ǫ3
+
1
14
∂2
ǫ2
+
1
84
∂3
ǫ
)
W3(z)+
+6
(
1
ǫ2
+
2
5
∂
ǫ
)
: W2W3 : (z) + 4
: (∂W2)W3 : (z)
ǫ
+O(1) , (5.5)
which can be computed directly, using the free field realization of the W -generators, or
more easily using the general formulae
〈: W 22 : (z1)Ws(z2)Ws(z3)〉
〈Ws(z2)Ws(z3)〉 = s(s+
1
5
)
z423
z412z
4
13
, (5.6a)
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〈: W2Ws : (z1)Ws(z2) : W 22 : (z3)〉
〈Ws(z1)Ws(z2)〉 = s
[
c+
2s(8s− 5)
2s+ 1
]
z212
z613z
2
23
, (5.6b)
〈: (∂W2)Ws : (z1)Ws(z2) : W 22 : (z3)〉
〈Ws(z1)Ws(z2)〉 =
4s(s− 1)
s+ 2
[
c+
(s− 2)(3s− 1)
s+ 1
]
z12
z713z23
. (5.6c)
Here c is the central charge of the Virasoro algebra andWs are Virasoro primaries. Then,
the combination
W new4 (z) =W4(z) + 48
(k + 3)(2k − 3)(k − 2)
k2(16k − 17) : W
2
2 : (z) (5.7)
has an OPE withW2,W3 with single pole that contains only total derivatives, as required.
We point out that the spin 4 field (5.7) is different from W˜4(z) introduced earlier
(cf. eq. (3.11)). They both coincide, however, in the the limit k → ∞, according to
the general expectation we mentioned. Carrying out this procedure for other higher spin
fields is straightforward, but cumbersome and it will not be dealt with here. It would be
interesting to describe the complete structure of Wˆ∞(k) , not in terms of primary field
generators, but in a basis which makes the conditions (5.4) manifest. Whether this is
possible in practice or a formidable calculational task remains to be seen.
Before we proceed further, two remarks are in order, with emphasis on Witten’s black
hole solution. First, for k = 9/4, the parafermion fields ψl(z) with l = 3n, n ∈ Z, are
local operators with integer dimension
∆l = n(4n+ 3) . (5.8)
Therefore, as we explained earlier, one might consider enlarging Wˆ∞(k) by including
{ψ3n(z)} in the spectrum. This extended W -algebra governs the physics of the 2-d black
hole solution and we expect it to be the maximal symmetry of the model. It would be very
interesting to analyze its structure in detail and study the algebra of charges associated
with the ψ3n generators. Of course, similar questions can be raised for arbitrary (but
rational) values of k. As for the 2-d black hole, it would be interesting to know whether
there is any relation between the parafermionic extension we are considering here and
the algebra of volume preserving diffeomorphisms of the 3-d cone introduced by Witten
in his recent study of 2-d string theory, [34].
Second, the existence and explicit construction of an infinite family of independent
charges in involution is very important for understanding the physics of SL(2, R)k/U(1)
coset models, in general. For the black hole solution, in particular, the set {Qs} could
be responsible for the maintenance of quantum coherence in the Hawking evaporation
process (see for instance [35] for some preliminary results in this direction). It is an inter-
esting problem to find the target space interpretation of the Wˆ∞(k) symmetry (and its
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parafermionic extensions for fractional k) and examine whether the quantum mechanical
states of the theory can be completely classified by the corresponding conserved charges.
We hope to address these issues elsewhere.
Next, we present some thoughts aiming at a deeper connection between the conserva-
tion laws of the SL(2, R)k/U(1) coset and those of the KP hierarchy. The basic idea here
originates in the recent works of Yu and Wu, [17, 19], who studied the bi-Hamiltonian
structure of the KP hierarchy (see also [18, 20]). We review their main results for the
completeness of our presentation. The interpretation we will put forward for the charges
Qs is essentially a quantum mechanical version of the classical KP integrals.
Recall that the KP hierarchy can be formulated as a Lax pair, using the pseudo-
differential operator
L = ∂z +
∞∑
r=0
ur(z)∂
−r−1
z (5.9)
(for details see [36] and references therein). For the Hamiltonian description of the KP
hierarchy we introduce the following quantities
Hs ≡ 1
s
resLs , s ∈ Z+ (5.10)
and consider the corresponding charges,
Hs =
∮
dz Hs(z) , (5.11)
as Hamiltonian functionals for the various flows.
The first Hamiltonian structure of the KP hierarchy is given by the commutation
relations of W1+∞ with zero central charge, which in terms of the {ur(z)} variables
assume the Watanabe form, [37],
{ur(z), us(w)}(1) = K(1)rs (z)δ(z − w) , (5.12a)
K(1)rs (z) =
r∑
l=0
(−1)l
(
r
l
)
ur+s−l(z)∂
l
z −
s∑
l=0
(
s
l
)
∂lzur+s−l(z) . (5.12b)
The appropriate change of variables that establishes the isomorphism withW1+∞ is given
by
Vs(z) =
(s− 1)!
2s−1(2s− 3)!!
s−1∑
l=0
(
s− 1
l
)(
2s− l − 2
s− 1
)
u
(l)
s−l−1(z) . (5.13)
It also follows from the integrability properties of the KP hierarchy that the charges
(5.11) are in involution, i.e.,
{Hs,Hs′}(1) = 0 . (5.14)
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If we change basis from (5.13) to (5.10), the commutation relations of W1+∞ will assume
a non-linear form, which Yu and Wu related to the second Hamiltonian structure of the
KP hierarchy as follows,
∮
dw {Hs(z), Hs′(w)}(2) =
∮
dw {Hs(z), Hs′+1(w)}(1) . (5.15)
The second structure of the KP hierarchy is non-linear, given by the commutation
relations
{ur(z), us(w)}(2) = K(2)rs (z)δ(z − w) , (5.16a)
where
K(2)rs (z) =
r+1∑
l=0
(−1)l
(
r + 1
l
)
ur+s+1−l(z)∂
l
z −
s+1∑
l=0
(
s+ 1
l
)
∂lzus+r+1−l(z)+
+
r−1∑
l=0
s−1∑
k=0
(−1)r+l
(
r
l
)(
s
k
)
ul(z)∂
r+s−l−k−1
z uk(z)+
+
∞∑
l=0
[
r+s∑
m=r+1
m−r−1∑
k=0
(−1)l+k
(
m− k − 1
l − k
)(
s
k
)
−
−
l+s∑
m=l+1
(−1)l
(
m− s− 1
l
)]
um−l−1(z)∂
l
zur+s−m(z) .
(5.16b)
Change of basis to the variables (5.10) maintains the non-linear features of (5.16) and
gives rise to a non-linear deformation of the centerless W∞ , denoted by Wˆ∞ in [19].
The Wˆ∞ algebra of Yu and Wu is classical with zero central charge, but it resembles
the general structure of Wˆ∞(k) , provided that Hs(z) is identified with Ws+1(z) (s ≥
1). For comparison we also have to introduce appropriate redefinitions which transform
Wˆ∞(k) to a non-primary field basis. The recursion relations (5.15) are sufficient to insure
that the charges Qs+1 ≡ Hs of Wˆ∞ are all in involution. This follows by integrating eq.
(5.15) with respect to z and noting that its right hand side subsequently vanishes, thanks
to eq. (5.14). Therefore, although the relation between the classical algebras W1+∞ and
Wˆ∞ is indirect and valid only in the integrated form of the commutation relations (5.15),
the implications for Wˆ∞ are substantial and not at all obvious without the KP point
of view. The most important point for us is the identification of the Wˆ∞ charges with
the conserved quantities of the KP hierarchy and their explicit construction in terms of
W1+∞ generators, as dictated by eq. (5.13).
We are now in the position to state our proposal for the conservation laws of the
2-d black hole solution, after choosing a suitable non-primary basis for the generators
of Wˆ∞(k) . The charges Qs are the conserved quantities of a quantum deformation of
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the KP hierarchy. In the theory of quantum integrable systems, usually only one of
the two Hamiltonian structures survives, [38] and therefore recursive relations of the
form (5.15) cannot be used to prove complete integrability. The latter is established by
explicit computation case by case, which is a very cumbersome procedure, as the one we
encounter for the black hole. Quantum equations of KdV type are naturally defined by
means of their quantum second Hamiltonian structure. The obvious candidate for our
problem is Wˆ∞(k) with ck 6= 0 and this is the essence of the proposal.
The quantum deformation of the KP hierarchy we advocate for interpreting the black
hole charges is rather speculative at this point and further work is required to illuminate
it. If it exists, however, it would have important consequences on the relation between
SL(2, R)k/U(1) coset models and the ordinary KP approach to non-perturbative string
theory via matrix models. In this framework, it will be also interesting to examine
whether recursive relations between Wˆ∞(k) and W1+∞ with non-zero central charge still
exist for some miraculous reason, for certain values of k. We also hope to address these
issues elsewhere.
6. Conclusions and Further Remarks
In this paper we studied the generic chiral symmetry of the SL(2, R)k/U(1) coset
model. It is described by the non-linear algebra Wˆ∞(k) with an infinite number of
generators of spin s = 2, 3, · · ·. This is a universalW -algebra (for the A-series of extended
conformal symmetries), since at k = −N with N = 1, 2, · · ·, it truncates to the usual
Zamolodchikov WN algebras. As k → ±∞, one recovers the usual W∞ algebra, which is
linear in a quasiprimary field basis. We have investigated the general structure of Wˆ∞(k)
, using its relation to compact and non-compact parafermions. We have also constructed
a free field realization of the algebra in terms of two bosons with background charge.
For k = 2, the central charge of the Virasoro subalgebra is infinite, but as we argued,
the generators with spin s ≥ 3 form a well-defined closed linear subalgebra. Several
other truncations seem to be possible for certain special values of k < 2. For rational
values of k = r/t, the chiral algebra Wˆ∞(k) can be enlarged further by including all
parafermionic operators with integer (or even half-integer) spin. This yields a double
graded algebra which definitely deserves more attention, in particular for k = 9/4. The
complete structure of Wˆ∞(k) in closed form remains an open problem.
The spectrum of the SL(2, R)k/U(1) coset model is built out of hw representations
of Wˆ∞(k) . We computed the characters (generalized string functions) of all unitary
representations of Wˆ∞(k) , using the relationship between SL(2, R)k/U(1) and the N = 2
superconformal representation theory with c > 3. The characters for the vacuum module
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provided crucial information on the spectrum of Wˆ∞(k) , which is the same and infinitely
generated for all k > 2. As a byproduct, we also obtained the SL(2, R)k characters for
representations in the discrete series.
Wˆ∞(k) is related to various approaches to 2-d gravity in two possible ways. First,
it is a symmetry of the black hole solution (for k = 9/4). The existence of an infinite
number of integrals in involution will characterize the structure of string theory in the
black hole background. This could have important implications on questions of loss of
coherence during black hole evaporation. We conjectured the existence of such integrals
in involution, based on explicit calculations up to s = 4 and their existence for all s in the
large k limit. This algebra also seems to be a quantum version of the second Hamiltonian
structure of the KP hierarchy. Due to the importance of the this hierarchy to matrix
model approaches to 2-d quantum gravity, it is reasonable to expect that Wˆ∞(k) could
help illuminating the KP-like integrable structure of 2-d string theory.
Finally, we conclude by discussing some further generalizations of the W -symmetry
of SL(2, R)k/U(1) to higher rank coset models. In [5] we constructed a “colored” gener-
alization of the usual W∞ algebra, denoted by W
p
∞, which is linear and contains W∞ as
a subalgebra. W p∞ arises as the N →∞ limit of the chiral algebra of the Grassmannian
coset models SU(p+ 1)N/(SU(p)N ×U(1)). One may consider the non-compact version
of these models, SU(p, 1)k/(SU(p)k×U(1)) and examine whether the corresponding non-
linear chiral algebra has the same spectrum as W p∞. Again, when k becomes a negative
integer, the algebra should truncate to the finitely generated chiral algebra of the compact
coset. It would be interesting to investigate this generalization of Wˆ∞(k) , since it also
qualifies as a universal W -algebra for the A-series of extended conformal symmetries, but
for a wider range of values for the central charge. It also remains a challenging question
to find a framework for constructing the most universal W -symmetry that contains all
possible chiral algebras of 2-d CFT. Such master symmetry could play a prominent role
in the non-perturbative study of string theory.
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Appendix A
In this appendix we give the free field realization of the primary W4(z) and W5(z)
generators. Normal ordering is implicitly assumed.
W4(z) = − 4
k2(16k − 17)
[
α1(∂φ1)
4 + α2(∂φ2)
4 + α3(∂φ1)
2(∂φ2)
2 + α4(∂
2φ2)
2+
+ α5(∂
2φ1)
2 + α6 ∂φ2∂
3φ2 + α7 ∂φ1∂
3φ1 + α8 ∂
4φ1 + α9 ∂
2φ1(∂φ2)
2+
+ α10 ∂
2φ1(∂φ1)
2 + α11 ∂φ1∂φ2∂
2φ2
]
,
(A.1)
where
α1 = (k − 2)2(6k + 5) , α2 = (k − 12)(2k − 1)(3k − 4),
α3 = 6(k − 2)(2k2 − 13k + 8) , α4 = −2(3k − 4)(2k2 + 2k + 3),
α5 = −2(k − 2)(6k2 − 12k + 1) , α6 = α7 = 8(k − 2)(k2 − k + 1),
α8 = −23(k2 − k + 1)
√
2(k − 2) , α9 = −2(2k − 3)(19k − 8)
√
2(k − 2),
α10 = −2(k − 2)(6k + 5)
√
2(k − 2) , α11 = 4k(16k − 17)
√
2(k − 2).
(A.2)
W5(z) =
16i
5k2(64k − 107)
√
2
k
[
β1(∂φ2)
5 + β2(∂φ1)
4∂φ2 + β3(∂φ1)
2(∂φ2)
3+
+ β4(∂φ1)
2∂3φ2 + β5(∂φ2)
2∂3φ2 + β6 ∂φ2(∂
2φ2)
2 + β7 ∂
5φ2+
+ β8 ∂φ1∂
2φ1∂
2φ2 + β9(∂
2φ1)
2∂φ2 + β10 ∂φ1∂
3φ1∂φ2+
+
√
2(k − 2)
(
γ1(∂φ1)
3∂2φ2 + γ2 ∂
2φ1(∂φ2)
3 + γ3(∂φ1)
2∂2φ1∂φ2+
+ γ4 ∂φ1(∂φ2)
2∂2φ2 + γ5 ∂
3φ1∂
2φ2 + γ6 ∂
2φ1∂
3φ2+
+ γ7 ∂
4φ1∂φ2 + γ8 ∂φ1∂
4φ2
)]
,
(A.3)
where
β1 = 6(2k − 1)(5k − 24)(5k − 8) , β2 = 30(k − 2)2(10k + 7),
β3 = 60(k − 2)(2k − 3)(5k − 8) , β4 = −15(k − 2)(2k2 − 7k − 16),
β5 = 15(5k − 8)(6k2 − 7k + 8) , β6 = −30(5k − 8)(4k2 + k + 6),
β7 = k(k
2 − 3k + 5) , β8 = 180(k − 2)(3k2 − 4),
β9 = −30(k − 2)(38k2 − 63k − 2) , β10 = 30(k − 2)(16k2 − 31k + 16),
γ1 = −15k(k − 2)(10k + 7) , γ2 = 15(5k − 8)(2k2 − 33k + 12),
γ3 = 15(k − 2)(k − 4)(10k + 7) , γ4 = −15k(5k − 8)(2k − 25),
γ5 = −15(2k − 3)(2k2 + k + 8) , γ6 = 15(4k3 − 10k2 + 13k − 16),
γ7 = 10(k − 2)(k2 − 3k + 5) , γ8 = −10k(k2 − 3k + 5).
(A.4)
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Appendix B
In this appendix we give the free field realization of the composite operators appearing
in the OPEs (3.7) and (3.9).
: W 22 : (z) =
1
4
(∂φ1)
4 +
1
4
(∂φ2)
4 − 1
5
∂φ2∂
3φ2 − 1
5
∂φ1∂
3φ1+
+
3
10
(∂2φ2)
2 +
3k − 1
10(k − 2)(∂
2φ1)
2 +
1
2
(∂φ1)
2(∂φ2)
2+
+
1√
2(k − 2)
( 1
30
∂4φ1 − ∂2φ1(∂φ2)2 − (∂φ1)2∂2φ1
)
,
(B.1)
: W2W3 : (z) =
i
84k
√
2
k
[
−28(3k − 4)(∂φ2)5 − 84(k − 2)(∂φ1)4∂φ2−
− 56(3k − 5)(∂φ1)2(∂φ2)3 + 2(17k − 18)(∂φ1)2∂3φ2−
− 12(19k − 24) ∂φ1∂2φ1∂2φ2 + 2(65k − 96)(∂φ2)2∂3φ2−
− 72(3k − 4)∂φ2(∂2φ2)2 + 12(k − 2)(∂2φ1)2∂φ2+
+ k ∂5φ2 + 96(k − 2) ∂φ1∂3φ1∂φ2
]
+
+
i
21k
√
k(k − 2)
[
−7(3k2 − 18k + 20) ∂2φ1(∂φ2)3+
+ 21k(k − 2)(∂φ1)3∂2φ2 + 21k(k − 2)∂φ1(∂φ2)2∂2φ2−
− 21(k − 2)(k − 4)(∂φ1)2∂2φ1∂φ2 + 5(k − 2)2 ∂4φ1∂φ2−
− 5k(k − 2)∂φ1∂4φ2 − 6(k − 2)(5k − 6) ∂3φ1∂2φ2+
+ (30k2 − 77k + 48) ∂2φ1∂3φ2
]
,
(B.2)
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: (∂W2)W3 : (z) =
i
105k
√
2
k
[
7(k − 2)
(
∂φ1∂
4φ1∂φ2 − 6(∂φ2)2∂4φ2−
− 6(∂φ1)3∂2φ1∂φ2 + 6(∂φ1)4∂2φ2
)
+ (3k − 4)
(
−15(∂2φ2)3−
− 42 ∂φ1∂2φ1(∂φ2)3 + 42(∂φ1)2(∂φ2)2∂2φ2 − 93 ∂φ2∂2φ2∂3φ2
)
−
− (13k − 66) ∂φ1∂2φ1∂3φ2 + 7
2
(3k − 2)(∂φ1)2∂4φ2−
− 114(k − 1) ∂φ1∂3φ1∂2φ2 + 3(11k + 10)(∂2φ1)2∂2φ2
]
−
− i
15k
√
k(k − 2)
[
(k − 2)
(
∂4φ1∂
2φ2 − 18∂3φ1(∂φ1)2∂φ2+
+ 12∂2φ1(∂φ1)
2∂2φ2 + 24∂φ1(∂
2φ1)
2∂φ2
)
+
+ 6(3k − 4)
(
2∂2φ1(∂φ2)
2∂2φ2 − ∂3φ1(∂φ2)3
)
+
+ 6(k2 − 5k + 5)∂3φ1∂3φ2 + (6k2 − 21k + 22)∂2φ1∂4φ2
]
.
(B.3)
Appendix C
In this appendix we give the two-point functions for the first fewW -fields, normalized
as in eq. (3.4).
〈W2(z)W2(w)〉 = k + 1
k − 2
1
(z − w)4 , (C.1)
〈W3(z)W3(w)〉 = 16
3
(k + 1)(k + 2)(3k − 4)
k3
1
(z − w)6 , (C.2)
〈W4(z)W4(w)〉 = 2
10(k + 1)(k + 2)(k + 3)(2k − 1)(3k − 4)
k4(16k − 17)
1
(z − w)8 , (C.3)
〈W5(z)W5(w)〉 = 9 · 2
15
5
(k + 1)(k + 2)(k + 3)(k + 4)(2k − 1)(5k − 8)
k5(64k − 107)
1
(z − w)10 . (C.4)
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